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Abstract. Ledrappier and Young introduced a relation between entropy, Lyapunov exponents and 
dimension for invariant measures of diffeomorphisms on compact manifolds. In this paper, we show 
that a self-affine measure on the plane satisfies the Ledrappier-Young formula if the corresponding 
iterated function system (IFS) satisfies the strong separation condition and the linear parts satisfy 
the dominated splitting condition. We give sufficient conditions, inspired by Ledrappier and by 
Falconer and Kempton, that the dimensions of such a self-affine measure is equal to the Lyapunov 
dimension. We show some applications, namely, we give another proof for Hueter-Lalley’s theorem 
and we consider self-affine measures and sets generated by lower triangular matrices. 


1. Introduction 


Let A := {Ai, A 2 ,..., A#} be a finite set of contracting, non-singular 2x2 matrices, and let 
<J> := = AiX + tj} i=l be an iterated function system on the plane with affine mappings, where 

t, G M 2 for i = 1,..., N. It is a well-known fact that there exists an unique non-empty compact 
subset A of M 2 such that 

N 

a=U^( a )- 

2—1 


We call the set A the attractor of <f>. 

Throughout the paper we denote the Hausdorff dimension of a set A by dim# A, the packing 
dimension by dim# A, the lower and upper box counting dimension by dim#A and dim#A and the 
box counting dimension by dim# A. For the definitions and basic properties, we refer to Falconer m- 
The dimension theory of self-affine sets is far away from being well understood. One of the most 
natural approaches for the Hausdorff and box dimension of self-affine sets is the subadditive pressure 
function , introduced by Falconer [8J. Denote by cu(A) the ith singular value of a 2 x 2 non-singular 
matrix A, i.e. the positive square root of the ith eigenvalue of AA*, where A* is the transpose of A. 
For s > 0 define the singular value function cf s as follows 

r «i(A) s 0 < s < 1 

f s (A) := \ a 1 {A)a 2 {A) s ~ 1 1 < s < 2 

{ (ai(A)a 2 (A)) s/2 s > 2. 
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We note that in this case, a.\{A) = ||A|| and ot 2 {A) = ||^4 -1 ||~ 1 , where ||.|| is the usual matrix norm 
induced by the Euclidean norm on M 2 . Let us define the subadditive pressure function generated by 
A for s > 0 as 

1 N 

P(s) := lim -log V (f s (A il ■ ■ ■ A in ). (1.1) 

71—KX) Jl ' 

The function P(s) is continuous, strictly monotone decreasing on [0,oo), moreover P{ 0) = logIV 
and lirm^oo P(s) = — oo. Falconer showed in [5] that the unique root so of the subadditive pressure 
function is always an upper bound for the box dimension of the attractor A and if ||Aj|| < 1/3 for 
every i = 1,..., N then 

dim// A = dims A = min {2, so} for Lebesgue-almost every t = (f j,..., t N ) £ M. 2N . 

The bound was later extended to 1/2 by Solomyak, see [30]. 

In the case of similarities (i.e. A* = piUi , where 0 < pi < 1 and Ui are orthonormal matrices) the 
dimension theory of the attractors is well understood if a separation condition holds. In the case of 
strict affine mappings, it is very unclear. Bedford [3] and McMullen [25] introduced independently 
a family of self-affine sets on the plane, where the Hausdorff and box dimension differs, however a 
separation condition holds. Later, such examples were constructed by Gatzouras and Lalley m and 
Barahski [2j. In these cases the linear parts of the maps were diagonal matrices. 

Falconer [9] proved that under some conditions and separation, the box dimension of a self-affine 
set is equal to the root of the subaddtive pressure. However, the only known sufficient condition in 
general was given by Hueter and Lalley m , which ensures that the Hausdorff and box dimension 
of a self-affine set coincide and equal to the root of the subadditive pressure. Recently, Falconer and 
Kempton HU gave conditions which ensure similar consequences. 

One way to understand the Hausdorff dimension of self-affine sets depends on understanding 
of Hausdorff dimension of self-affine measures. We call a measure p self-affine if it is compactly 
supported with support A and there exists a p = (pi,... ,Pn) probability vector such that 


N 

i= 1 


( 1 . 2 ) 


Ledrappier and Young [211122] introduced a formula for the Hausdorff dimension of invariant measures 
of diffeomorphisms on compact manifolds. It is a widespread claim that self-affine measures satisfy 
this formula but it was proven just in a very few cases. Basically, the first result on a class of self- 
affine measures and sets, for which the formula hold, was proven by Przytycki and Urbanski [ 28] . 
Later, Feng and Hu |14j proved that if the linear parts of the mappings are diagonal matrices then 
the Ledrappier-Young formula holds for the Hausdorff dimension of the self-affine measures, without 
assuming any separation condition or condition on the norm of the matrices. Moreover, Ledrappier 
[20] proved that the formula is valid for a special family of self-affine measures, namely when the 
support is the graph of a Weierstrass functions. 

Our main goal is to generalize Ledrappier’s result [20] for a more general family of self-affine 
measures. 

Another important dimension theoretical property of a self-affine measure is its exactness. Denote 
by B r (x) the two dimensional ball centered at x £ M 2 with radius r. Then we call 


d,,(x) = lim inf 
r—>0+ 


log p(B r (x)) 

log r 


and d tl {x) 


log p(B r (x)) 

hm sup--- 

r->o+ log r 
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the lower and upper local dimension of p at the point x, if the limit exists then we say that the 
measure has local dimension d^(x) at the point x. It is well-known fact that 

dim// p = ess sup (x) = inf {dim//A : p(A c ) = 0} (1.3) 

xEspt fi 

for any p Radon measure, where spt/x denotes the support of p and A c denotes the complement of A , 
see [13]. Moreover, we call the measure p exact dimensional if the local dimension exists at /x-almost 
every points and equals dim// p. Feng and Hu [14] proved that self-similar measures, and self-affine 
measures if the linear parts are diagonal matrices, are exact dimensional. Ledrappier [20] proved this 
for the graphs of Weierstrass functions, a phenomena that we also extend. 

To analyse self-affine measures, it is convenient to handle it as a natural projection of Bernoulli 
measures. That is, let = {1,... ,iV} N be the symbolic space of one-sided infinite length words 
and let v = {p±,... ,pn} N be a Bernoulli measure , where p = (pi,... ,pn) is a probability vector. 
If 7T + : £ + i-a A denotes the natural projection , i.e. 7r+(io,*i,...) = lim^^oo f io o • • • o f in ( 0), then 
p = ( 7 r + )*u = 1/0 7T+ . 

According to the result of Oseledec Multiplicative Ergodic Theorem [26] for u-almost every i E E + 
there exist constants 0 < y* < y* s such that 

lim - log a\(Ai Q ■ ■ ■ A in _f) = -y® and 

n—>-oo fi r 

lim - loga 2 (A iQ ■ ■ ■ A t ) = for u-a.e. i = (i 0 , h,. ■ •) E S + . 

n —¥00 u r 

We call the constants y* and the Lyapunov exponents. Denote the entropy of u by h u = 
— )Ci=i Pi l°g Pi', then we dehne the Lyapunov-dimension of the measure p by 

dim L yap P = min { 2 , ^, 1 + 

L X.fi X/i 

Jordan, Pollicott and Simon showed that the Lyapunov dimension of a self-affine measure is always 
an upper bound for the Hausdorff dimension, see pS]. We show also a sufficient condition (based on 
the idea of Ledrappier [2^) which implies that the Lyapunov and Hausdorff dimension of a self-affine 
measure coincide. 

Throughout the paper we will follow the method of Ledrappier m and Ledrappier and Young 
[2HI22]. At the end of the paper we give an alternative proof for the Hueter-Lalley Theorem and we 
show some applications for triangular matrices. 

2. Preliminaries and Results 

Let A := {A/, A 2 ,. ■ ■, An} be a finite set of contracting, non-singular 2x2 matrices, and let 
<F := {fi(x) = AiX + tj} i=1 be an iterated function system on the plane with affine mappings. 

Definition 2.1. We say that satisfies the strong separation condition (SSCj if there exists an 
open, non-empty and bounded set 0Cl 2 such that 

(1) for every i = 1,..., N, fi(0) C O and 

(2) for every i / j, ffiO) n fj(0) = 0, 

where O denotes the closure of O. 

If the IFS satisfies the SSC then 



fi( A) n fj (A) = 0 for every i A j, 


(2.1) 
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where A denotes the attractor of <f>. One can show that (2.1) is actually equivalent to SSC. Moreover, 


OO N 

A =n U 

n= 1 i\ 


Let us denote by S = {1,..., N} the set of symbols and by X = S z the symbolic space of two-sided 
infinite words. Moreover, let X + = be the set of right- and X - = S z ~ be the set of left side 
infinite length words. We note that in our definition of natural numbers, 0 E N. For a two-sided 
infinite length word i = (..., z_ 2 , i-i; io, h, • • •) let us denote the left hand side by and the 
right-hand side by i + , i.e. i_ = (..., z_ 2 , i~\) and i + = (*o, h,i 2 ,...). Denote by X* = U^o the 
set of finite length words. The number of symbols in a finite length word i is denoted by |z| and for 
an infinite word i E X we denote by i|(j the elements of i between n and k, i.e. i|Jj = (i n ,..., i &). Let 
us define also the cylinder sets on X (and on X + respectively) by 

[i|£] = {j e S : j|S = i|S} . 

We note that we consider X + with the usual topology, i.e. the topology generated by cylinder sets. 
This topology is metrizable with metric d(i,j) = ^ mm { fc >°- 1 lo^jlo} ) where 0 < (3 < 1. 

We denote the composition of functions of for a finite length word i = X* by 

fi = fh 0 ‘ ‘ ‘ 0 fin ■ 

Now let us introduce a dynamical system F acting on O X X+by 


-P’fei) : = 

where O is the open and bounded set from Definition 
npty and compact set, wh 
Define 7r_ : X” i-A A (similarly to vr + ) by 


2.1 


the unique non-empty and compact set, which is F-invariant, is H^o F n 


Since F is a hyperbolic map acting O x X + , 
(O x X+) = A x X+. 


OO 

7 T_(... ,i_ 2 ,*-i) = lhn O ■■■of i _ n (0) = V' Ai_ x ■ ■ ■ A i _ n+1 t i . 

n— >00 z —* 

n= 1 

If a is the left-shift operator on X then it is easy to see that F is conjugate to cr by the projection 
7r : X 1 —y A x X + , where 7r(i) := (7r_(i_), i+). That is, 


7r o a = F o n. 


Let p = (pi,... ,pn) be a probability vector and let v = {p \,... ,pn} be the corresponding left- 

shift invariant and ergodic Bernoulli-probability measure on X + . Denote by v = {pi,... ,pw } Z the 
natural extension of v to X. Let us define its projection to A X X + by Jl := ir*D = To 7r _1 . Then /2 is 
a F-invariant and ergodic probability measure on A x X + , moreover p, = p x u, where p is self-affine 


measure defined in (1.2). 


For the analysis of the dimension theoretical point of view, we need an assumption for the matrices 
A, which ensures for us that there is a dynamically invariant foliation on Ox X+. 


Definition 2.2. We say that the set A of matrices satisfies the dominated splitting condition if 
there are constants C, 6 > 0 such that 

> Ce 5n for all i 6 X* with lil = n. 
a 2 {Ai) ~ u 

For example, a family of matrices with strictly positive entries satisfies dominated splitting, see 
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Let us define a map from £ to A in a natural way, i.e. A(i) := Aj 0 . Denote the product by 
A 1 -") (i) := A{a n ^ 1 i) • • • A(i) for i £ £ and n > 1. Now we are going to state some useful properties 
for set A of matrices, satisfying dominated splitting. 


Lemma 2.3 ( [3] .[ST]). The set A of matrices satisfies the dominated splitting condition if and only 
if for every i £ £ there are two one-dimensional suhspaces e ss (i),e s (i) o/M 2 such that 

(1) A(i)ej(i) = ej(cri) for every i £ £ and i = s, ss, 

(2) there are constants C, 5 > 0 such that 

> Ce&n f° r dl 1 G S and U>1 - 

pW(i)|e ss (i)|| - 

We call the family of subspaces e ss strong stable directions. 

We note that the dependence of the subspaces e* on i £ £ is continuous, that is e* : £ i-a P 1 is 
continuous with the standard metrics, where P 1 denotes the projective space, see n Section B. 1]. 

Lemma 2.4 ([5]). Let A be a set of matrices satisfying the dominated s plitt ing condition and let 
e ss (i),e s (i) be the two one-dimensional subspaces o/M 2 defined in Lemma 2.3, Then there exists a 
constant C > 0 such that 

C- 1 ||Y”>(i)|e > (i)|| < ai(yl<">(i)) < C|| J 4<”>(l)|e,(l)|| and 
C- 1 M<“>(l)|e„(l)|| < a 2 (A<">(l)) < C||A<»>(i)|e„(l)||. 

In particular, 

Xu = ~ I™ - log ||A (n) (i)|ej(i)|| = - f log ||A(i)|e;(i)||du(i) for v-a.e. i and i = s, ss. (2.2) 

^ n—toc fi J 

The dominated splitting property implies that the Lyapunov exponents are always separated. 
Actually, xf + 8 < x\'i f° r an Y self-affine measure /j, where 5 is in Definition 


2.2 


Let C + := {(x,y) G M 2 \{(0,0)} : xy > 0} be the standard positive cone. A cone is an image of C / 
by a linear isomorphism and a multicone is a disjoint union of finitely many cones. 


Lemma 2.5 ([Tj, [3j). A set A of matrices satisfies dominated splitting condition if and only if A 
has a forward invariant multicone, i.e there is a multicone M such that (J^ 1 AfiM) C M°, where 
M° denotes the interior of M. 


Note that if M is a forward-invariant multicone w.r.t A = (A\,... ,An) then the closure of its 
complement is backward-invariant multicone, i.e. forward-invariant for A -1 = (A/ 1 ,..., A^y 1 ). 

Lemma 2.6 ( [5]). Let A be a set of matrices satisfying the dominated splitting condition and let M 
be a forward-invariant multicone. Then for every i G £ 

OO OO 

e s {i) = p| Aj_ 1 • • • Aj_ n (M) and e M (i) = p| Ar 1 • • • Af^ (M^), 

n =1 n =1 

where M c denotes the complement of M. In particular, e s (i) depends only on i_ and e ss (i) depends 
only on i+. 


An easy consequence of Lemma 2.5 and Lemma 2.6 is that the included angle of e s (i),e ss (j) 


is 


uniformly separated away from zero for every i, j G £. 

Let us denote the orthogonal projection from M 2 to the subspace perpendicular to 6 G P 1 by 
projg. For simplicity, we denote the orthogonal projection proj ess(; ) by proj? s . We call the family of 
projections of fi along the strong stable directions transversal measures and we denote by 


hi ■= (proji S V = h° (projf) 


-l 


(2.3) 
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Now we are ready to state our main theorem. 


Theorem 2.7. Let A = {A\, A 2 ,..., An} be a finite set of contracting, non-singular 2x2 matrices, 
and let 4> = {fi(x) = AiX + be an iterated function system on the plane with affine mappings. 

Let is be a left-shift invariant and ergodic Bernoulli-probability measure on E + , and p be the corres¬ 
ponding self-affine measure. If 

(1) A satisfies dominated splitting, 

(2) $ satisfies the strong separation condition 

then p is exact dimensional and 


,. h u 

dun# p = — 


+ l- 


Xfi 

-ySS 
A.fi , 


dim# pf for is-almost every 1 


gs+, 


(2.4) 


where h v denotes the entropy of is and xtnXlf are ^ ie Lyapunov exponents, defined in (2.2) 


We note that, (2.4) implies that dim# pf is constant for ls-a.e. i G X + . In particular, pf is exact 
dimensional with constant dimension for u-a.e i, see Proposition 3.3 


It is a non-trivial question, how the strong separation condition can be relaxed to the open set 
condition (OSC). Let Ai and A 2 be two matrices with strictly positive entries such that the IFS 
(fi(x) = Aix } i= 1 2 maps the closed unit square into itself and /i((0, l) 2 ) n /2((0, l) 2 ) = 0. Then the 


IFS satisfies the open set condition, however its attractor is only a single point. Hence, (2.4) cannot 


hold for any self-affine measure, which are just the Dirac measure. However, we conjecture that if 


the attractor contains at least two points and the IFS satisfies the OSC then (2.4) holds. 

Since the transversal measures pf are the orthogonal projections of p , dim# pf < min {1, dim# p}. 
By (2.4), simple algebraic manipulations show that 


dim# p = diniLyap p <=> dim# pf = min {1, dim# p} for is-a.e. i G E + . 


(2.5) 


If the distribution of the strong stable directions e ss has large dimension then one can claim that the 
right-hand side of (2.5) holds. Let us consider the map e ss : i-A P 1 which maps an i G to the 


element of the projective space associated to e ss (i). Let us define the push-down measure of v by e ss 
on P 1 as 

v ss := (e S s)*v = iso (e ss ) _1 . (2.6) 


Theorem 2.8. Let A = {Hi, A 2 , ■ ■ ■ ,An} be a finite set of contracting, non-singular 2x2 matrices, 
and let = {fi(x) = AiX + be an iterated function system on the plane with affine mappings. 

Let is be a left-shift invariant and ergodic Bernoulli-probability measure on H + ; and p be the corres¬ 
ponding self-affine measure. If 

(1) A satisfies dominated splitting, 

(2) <f> satisfies the strong separation condition, 

(3) dim##,,, > min{l,dim Lyap /4 

then 


dim# p = dim Lya p p = min < —, 1 + 


K 


K-xt 

■ySS 

A n 


The proof of Theorem 2.8 is based on the idea of Ledrappier Eqj Lemma 1]. It uses an extension of 
the result of Marstrand [23], which was obtained by Kaufman m- Kaufman [19] showed that for any 
Borel subset A of M 2 the exceptional set of directions, where the Hausdorff dimension of orthogonal 
projection drops, has dimension at most min {1, dim# A}. We use this phenomena for orthogonal 
projections of measures. Because of later usage we show a modified version in Lemma |4.3[ 
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Proof of Theorem 2.8. By Theorem 2.7 we know that dim h pf is a constant for v -almost every 
i G E + . Using Lemma 4.3 we have that for every e > 0 there exists a set A C E + such that u(A) > 0 
and for every i 6 A dim// pT > min {1, dim// p} — e. This implies that dim// pf > min {1, dim// p} — e 
for u-almost every i G E + . Since e > 0 was arbitrary we get 

dim// pj = min {1, dim// p] for u-almost every i G E + . 


The statement of the theorem follows by (2.5). 


□ 


Another upper estimate on the dimension of exceptional directions, where the dimension of ortho¬ 
gonal projection of Borel subsets A of M 2 drops, is min{l, 2 — dim// A}. This result was showed by 
Falconer [7]. We can use this estimate for the orthogonal projections of self-affine measures to ensure 
that the Hausdorff and Lyapunov dimension coincide. We adapt here the recent result of Falconer 
and Kempton HU for self-affine measures. 

Theorem 2.9. Let A = {A/, A 2 , ..., A/v} be a finite set of contracting, non-singular 2x2 matrices, 
and let 4> = {fi(x) = AiX + be an iterated function system on the plane with affine mappings. 

Let v be a left-shift invariant and ergodic Bernoulli-probability measure on E + , and p be the corres¬ 
ponding self-affine measure. If 

(1) A satisfies dominated splitting, 

(2) satisfies the strong separation condition, 

(3) dim// v ss + dim// p > 2 

then 


dim// p = dim Lyap p= 1 + 


K - xl 

v ss 

Au 


> 1 . 


(2.7) 


Proof. By Theorem 2.7, the measure p is exact dimensional. Thus, by Egorov’s Theorem for every 
e > 0 there exists a set 12 C A such that p(Ll) > 1 — e and 

IJnkA¥^ M£)Ml)<ca ' 

Let us fix e > 0 such that dim// v ss + dim// p > 2 + e By applying Peres and Schlag 123 Proposi¬ 
tion 6.1], we get 

dim// {0 G P 1 : diiri//(proj 0 )*M < 1} < 2 — dim// p + e. 

> 2 — dim //p + e we have dim //pf = 1 for u-a.e. i G E + . Formula (2.7) follows by 

□ 


Since dim// n s 


(2.4) 


A discussion on possible applications for Theorem |2.9| is given in Theorem 4.11 


The statement of Theorem 2.7 does not follow directly from the result of Ledrappier and Young 


Theorem C’, Corollary D’]. The dynamical system F, which is induced naturally by the IFS 4>, does 
not act on a Riemannian manifold without boundary. It can be conjugated to a dynamical system 
acting on a compact Riemannian manifold without boundary, but it would be piecewise smooth and 
would contain singularities, hence it wouldn’t be a diffemorphism. However, the properties of F, 
which are implied by dominated splitting, allow us to adapt the proofs and methods of m and m- 


The proof of Theorem 2.7 is decomposed into four propositions, Proposition 3.1 3.3 3.8, and 3.9 


In Proposition 3.1 we show the exact dimensionality of the components of the affine measure in the 
strong stable directions and also find their dimension, whilst in Proposition |3.3| we do the same for the 
transversal measures. The proofs of Proposition 3.1 and |3.3| follow the proof of [20] Proposition 2], 


Then we show that the measure p has a product structure in dimension, that is, the dimension of 
p is the sum of the dimension of the strong stable components and the dimension of transversal 
This fact is showed in two parts in Proposition 3.8 and Proposition 3.9 The proof of 


measure. 
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Proposition |3.8| is a modified version of 
Section (10.2)]. 


Lemma 11.3.1] and Proposition 3.9 is a modification of 


3. Proof of the Ledrappier-Young formula 
Let v be the left-shift invariant and ergodic Bernoulli-probability measure on E + and [i be the 


self-affine measure defined in (1.2). Let ju = /ixi/be the F -invariant and ergodic probability measure 


on A x E + , defined in the previous section. Denote by B the usual Borel cr-algebra on A x E + . 

If C is a measurable partition of A x E + then by the result of Rokhlin [29], there exists a canonical 
system of conditional measures, i.e. for /2-a.e. y G A x E there exists a measure fiy supported on 

C(y), the element of C containing y, such that for every measurable set A the function y i— > fiy (A) is 
R^-measurable, where B £ is the sub- a -algebra of B whose elements are union of elements of C, and 


K A ) = J 


(3.1) 


The conditional measures are uniquely defined up to a set of zero measure. 

For two measurable partitions Cl and C 2 we define the common refinement Cl V C 2 such that for 
every y, (Ci V C 2 )(y) = Ci(y) O ^(y)- Moreover, let us define the image of the partition ( in the 
natural way, i.e. for every y, (F()( y) = F((,(F~ 1 ( y))). 

Now, we define a dynamically invariant foliation on A x E + with respect to the strong stable 
directions. Denote by e ss the family of on e-di mensional strong stable directions defined in Lemma 2.3 
Since e ss depends only on i + by Lemma 2.5 it defines a foliation on O for every i + E E + . Hence, it 


defines a foliation £ ss on A x E + . Namely, for a y = (x, i) E A x E + let l ss ( y) be the line through x 
parallel to e ss (i) on M 2 x {i}. Let the partition element £ ss (y) be the intersection of the line l ss ( y) 
with A x {i}. It is easy to see that F£ ss is a refinement of £ ss , that is, for every y, (F£ ss )(y) C £ ss (y). 
Let us define the conditional entropy of F£ ss with respect to in the usual way, 

Hm ss ir) := -j log 4" m ss )(y)W(y)- 

Observe that if Q is a countable and measurable partition of A x E + then 


4 


Q 


4 b(y) 


y 4 (Q(y)) 


y> £ ss vQ t 

—— = /iy tor /r-a.e. y. 


(3.2) 


Indeed, 


J Py^p(y) = J = J j (4' s ) z d > J T = 


QeQ uy 


4 (Q) 


Jf (4 SS ) Z = J (4 s3 ) z 


^ / £ ss £ ss 

where we used that for /r-a.e. y, if z G £ ss (y) then /Uy = . Since for ju-a.e. y the measure 

Q 


fj ,y j is supported on (£ ss V Q)(y), by uniqueness of conditional measures we get (3.2). 


Proposition 3.1. For ti-a.e. y E A x the measure fiy is exact dimensional and 


dim H^y = - 

A LL 
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Before we prove the proposition, we define another partition V = {/j(A) x E + }^ =1 . It is easy to 
see that 

PVf = Ff s . (3.3) 

Let us denote the ball with radius r centered at y by B r (y). Let Bf s (y) be the restriction of the ball 
to £ ss (y). That is, 

B r s (y) = {z e £ ss (y) : |y - z| < r ), 
where I. I denotes the usual Euclidean norm on M 2 . 


Lemma 3.2. There is a constant ci > 0 that for every n > 1 and y = (x, i) E A x E + with 
x = 7 r_(.. 

GpvrJ 

where a 2 {.) is the second singular value of a matrix. 


/ n —1 


(Ax{i})nfl“, (y)C \/ 


\k=0 


Proof. Let us fix a n > 1 and y£ Ax E + and let F n (y) = (x', L) then i ; = (z_„,..., *_i, ...). 

Denote by D = diam(O) the diameter of O. By the definition of strong stable directions, see 


Lemma 2.3, we have 


/ n —1 


diam \j F k VMi ss (y) < D\\A^(i')\e ss (i')\\. 


\k=0 


On the other hand, let k = rriin,;^ dist(/)(A), fj( A)). Since the IFS $ satisfies the strong separation 
condition, see Definition 2.1, k > 0. Then for every F~ n { y) = (x^L) 6 Ax if x' E fi( A) then 
dist(x / , fj( A)) > k/2 for every j i. So 

Ax{i)n F n (B% s (F~ n (y))) C ^ y F k V V ^ (y). 


Applying again Lemma 


2.3 


we get F"(Bt*(F-”(y))) = B|> ||/l( „ )( ., )|e<<( 




Let C > 0 be the constant defined in Lemma 2.4 then by choosing ci := CmaxjD, (§) 1 }, the 
statement of the lemma follows. □ 


Proof of Proposition 3.1 To prove the statement of the proposition it is enough to show that 

log4“(*»(y)) _ H(Ff ss \C 


lim 

r— >0+ 


for fi- a.e y. 


l°g r X)u 

By Lemma 3.2 it is equivalent to show that 

k V v (y)^ h(F£ ss \£ ss ) 


lim 


log ffiy 


T=l F k ' 


n—^oo log a 2 (A i _ 1 ■ ■ ■ Ai_ n ) 


xi 


for fi- a.e y. 


(3.4) 


We have 


/ n— 1 


log4" V pkv v (y) = l °SPy S i v (y) n • • • n F n -\V(F- n+1 ( y)))) = 


Kk=0 


, iiTT ft * 8 (' P (y)n---nF k (V(F~ k (y)))) 

log My (^(y))H 


L\ Ty s (ny) n ■ ■ ■ ny)))) 
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By using (3.2), we get 


4" {'P(y) n • • • n F k (v(F~ k (y)))) 
mT (V(y) n • • • n F k ~\V{F~ k +\ y)))) 


_ -f’V'PV-VF*- 1 ? 
- My 


F k {V(F 


—k 


On the other hand, by applying (3.3), £ ss V V V • • • V F k 1 'P = F k £ ss . Moreover, by the invariance 
of the measure Jl 


Ky (r*(P(F-‘(y)))) = (v(F-\y)))] . 


Hence 


-log My 

n — 


/n— 1 \ \ i n—1 

V F k V V r (y) = - X] log 4^ (v{F- k { y)))) 


Since m is ergodic 


1 

n—>oo Tl 


\k =0 


( n—1 


k =0 


lim — log My 


V pkv v ? ss j (y)j = / iog/f>(y))dM(y) = W 


Using the property of conditional entropy and (3.3), 

H(y\y s ) = v e ss l^ ss ) = H(Fy s \y s ). 

Applying Oseledec’s Theorem, we have 

lim - loga 2 (Aj_ 1 • • • Ai_ n ) = -W 9 for u-a.e i, 
n—>oo Tl ^ 


(3.5) 

(3.6) 


which together with (3.5) and (3.6) implies (3.4). 


□ 


The next proposition is devoted to proving that the transversal measures fif = m ° (proj; 8 )^ 1 are 
exact dimensional measures for u-a.e i E S + , and to calculating the typical Hausdorff dimension, 
where proj; s is the orthogonal projection from M 2 to the subspace perpendicular to e ss (i). 

Proposition 3.3. For v-a.e. i E S + the measure yf is exact dimensional and 

dim// mF = 


T _ h u -H(Fy s \y s ) 


xi 


We define another invariant foliation y with respect to the stable plane. That is, for every 
y = (x, i) E A x £ + , £ s (y) = A x {i}. Then the foliation £ s has similar properties to £ ss , i.e. Fy is 
a refinement of and PVf = F£ s . Moreover, it is easy to see that for every y 


My =M 


(3.7) 


For the examination of the local dimension of the projected measure, instead of looking at the 
balls on the projection we introduce the transversal stable balls associated to the projection. Let 
B*(x, i) be transversal stable ball with radius r, i.e 

Br(x, i) = {(y,j) : i = j and dist(Z ss (x, i), l ss (y, j)) < 2r} , 

where l ss (x, i) denotes the line through x parallel to e ss (i). 

For technical reasons we have to introduce the modified transversal stable ball. Since the IFS <f> 
satisfies the SSC, by Lemma 2.6 for a y = (x, i) E A x X + we can define the stable direction e s (y) 


of y by e s (y) := e s (x) : = e s (iTj7where vr_ (i_) = x. 

Then for a (x, i) E A x E + , we define the modified transversal stable ball with radius 6 by 

Bj(x, i) = {(y,j) E A x S + : i = j and dist esfei )(Z ss (x, i), l ss (y, j)) < 5} , 











ON THE LEDRAPPIER-YOUNG FORMULA FOR SELF-AFFINE MEASURES 


11 


where dist e / x o(Z ss (g;, i), l ss (y , j)) denotes the distance of the intersections of lines l ss (x, i) and Z ss (y, j) 
with the subspace e s (x, i), see Figure [TJ 



Figure 1. The modified transversal ball Bj ( y). 

Since the included angle of e s (i),e ss (j) is uniformly separated away from zero for every i,j G E, 
there exists a constant c > 0 that for every y G A X E + and r > 0 

Bj- i r (s, i) C B$(x, i) C Bj r (x, i). (3.8) 

Lemma 3.4. For any y = (x, i) G A x S -1- with x = 7r_ (..., z_i) 

h(Bj (y) n V(y)) = p |e s (F-i(y))||-i<5( F_1 (y))) Pi- 1 > 

where (pi,... ,pn) is probability vector corresponding to p. 

Proof. Since the directions e s are F-invariant, we get for any y' = ( x',i') and oo > S' > 0 

y') X [i' 0 ]) = ((^k.^lIJ'W))) nP(F(y'))) X S+. 

The map F is invertible, hence 

Bj'( y') X [i' 0 ] = F- 1 |e s( y 0 || 5 '(^(y'))) n?(F(y'))) X S+) . 

By taking y = F(y') we have ||A i /Je s (y , )|| = ||A_ 1 |e s (F“ 1 (y))|| and by taking 
5=\\A i _ 1 \es(F- 1 (y))\\5' 

MF- 1 (y))||- 1 j( F Tl» X [i-1] = r- 1 ((Bj (y) n F(y)) x E+) . 

The measure fi is F-invariant, therefore 

p(Bj( y)nP(y)) = /2((Fj(y) flP(y)) x S+) = p{F~ l ((Fj(y)nP(y)) x E+)) = 

£(^_ 1 M^(y))l|-^ X [ ? -lD = / i ( S ifA i _ 1 |e 8 (F- 1 (y))|[- 1 5(- F ^y)))^-!- 

□ 

Lemma 3.5. For every y = (x, i) G A x E~*~ and n > 2 

l|A”>(i)|e.(y)ll = IM(<r"- 1 i)|e,(F”- 1 (y))|| • ||A”- 1 >(i)|e,(y)||. 

Proof. By definition ||.4(i)|e s (y)|| — snp ! , ees j y , ity - On the other hand for every vi,V 2 € e s (y) 
there exists a constant c G M such that cv\ = Vi. Therefore ||A(i)|e s (y)|| = ||v4(i)u|| with any vector 
v G e s (y) with ||u|| = 1. Hence, 

M<“>(i)|e»(y)|| = l|A">(i)n 

||A(<r“- 1 i)|e»(F“- 1 (y))lll|.4<”- 1 )(i)|e.(y)||, 


A{a 


n— 1 : 




\\A^ n 1 )(i)v| 
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where we used in the last equation that B(i)// E e s {F n 1 (y)), see Lemma 


2.3 


□ 


Let 


us define functions g( y) := //| (T*(y)) and gs{y) ■ = By definition and (|3.7l), 

55 —>• g as 5 —> 0+ for //-almost everywhere and, since gs is uniformly bounded, (3.1) implies gs g 
in L 1 ( ju) as 6 -A 0+. 

Lemma 3.6. The function sup 5 >0 {— log gs} is in L 1 (/i). 

Proof. To verify the statement of the lemma, it is enough to show that 

inf 5«(y) < < °°- 


U(Bj(y)nP(y)) 


By (3.7) 


— k 


k=1 


N 


5>0 — 


V" / J f ^(^Jfei) n /*( A )) „ -k 

2^ / V 1 * G M A ) : inf- ... - < e 


sy : inf55(y) < e r - ^ / u a - - .m-/ • mT , .u 

1“ 5 >° - J “f •/ l 5 >° 

For a hxed i E E + denote by E l k ; the set |x E //(A) : inf^x) 


< e 


— fc 


}• 


du(i). (3.9) 


Let 


£1 ,i == <! B. 




be the corresponding collection of closed transversal balls. Then ££ j is a cover of E l ki , so by the 
Besicovitch Covering Theorem there exists a constant c > 0 independent of i, i and k, such that 
there are c countable families of balls E n , n = l,... ,c with Un=i -Bn C £ k such that 


El :i C |J \J B and B' n B" = 0 if B', B" E Tj for j = 1,..., n. 

n= 1 B&Tn 


Hence, 


h { x E /i(A) : inf 


T(Bj(x, i)D/i(A)) 


5>o /x(Bj(x,i)) 


< e_fc r - £ E M 5 n //(A)) < e- fc Y, KB) < ce 


-k 


n= 1 BeJ„ 


n =1 BeF„ 


Therefore, by (3.9) 


fc=i 


X>|y: inf 55(y) < e fc | < ^ cNe k < oo. 


fc=i 


□ 


The proof of the Proposition 3.3 uses a slight modification of the result of Maker 


Lemma 3.7 (Maker, [23]). Let T : X H > X be an endomorphism on X C compact set and 
let m. be a T-invariant ergodic measure. Moreover, let h n ^ ■ X e -> M be a family of functions 
s.t. sup n kh nt k E L l {m) and lim n _fc_» 0 0 h n ,k = h in L 1 (m) sense and m-almost everywhere, where 
h E L l {rn). Then 

lim — 

n—> oo ft 


E 


h n ,k(T k x) = / h(x)dm(x) for m-a.e x E A'. 
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Proof of Proposition \3.3[ By the definition of the transversal measure, the statement of the propos¬ 
ition is equivalent to 

log/i(^(y)) h„ - H(F£ aa \? a ) , ^ 

iim ---;r-=— =- tor fi-a.e y. 


(5->o+ log <5 


XT 


Hence, by (3.8) it is enough to show that 


log(y)) h v - H(F£ ss \e s ) . ~ 

hm -----=- for u-a.e y. 

5^o+ log <5 - s 


XT 


By Lemma 2.4, it is sufficient to show that 


lim 

n—>• oo 


log/x (sJ A ,_ i ... Ai _ Jes(F _ n( y))||(y)) K _ H ( F £SS |^ S ) 


for /2-a.e y, 


log ■ ■ ■ Ai_ n ) X* 

where y = (x, i) € A x with x = i r_(..., i_ 2 , i-i). We write the measure of the ball as 


(3.10) 


P ( 5 ||A i _ 1 -A i _„MF-"(y))||UL 


y))) 


^ B iL_J«.(F-"(y)>ll< F ~” + 1 <y))) A " ( B l 


„(Bf(F-»(y))) 


n 


||A i _ fc ...A i _ n |e s (F-™(y))|| 


(C-‘+‘(y))) 




Applying Lemma 3.4 and Lemma 3.5 we get for every k = 1,..., n 






(F- k (y))) 


M ( jB p i _ fe |e s (F- fc (y))||- 1 ||A i _ fc .”A i _ ri |e 3 (F-(y))|| 

'‘( s L_ l --A,_j,.,F-.(y))ii(^‘ +1 (y)) nB ( B 


l<C-*(y))) 


-fe+lGAA) p -l 


Hence, 


1 


-log/i 5, 


n 


, ||A i _ 1 ".A i _ n |e s (E-«(y))||U 


k=1 


1 I n -I n 

-log/x(Hf(F- n (y))) --^log< 7 || Ai _ (c ... Ai _ Jes(F -n ( y )) ||(F- fc+1 (y)) +-^logp 

k =1 

Let us define a function /i njfc (y) := log5||A i _ 1 -A i _ n+fc _ 1 |e s (F-"+''-i(y))||(y)- Then 

-log// ( 
n \ 


i~k ■ 


ll-4i_i "Ai_ |e s (F- n (y))|| VJ_ 


1 


n 


log/i(Sf(F- n (y))) - - ^ Vfe(^ _fe+1 (y)) + - Elogp 

— n z ' — n z —' 


i-fc* 


fc=l 


fc=l 
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Since WA^ ■ ■ ■ A i _ ri+k _ 1 \e s {F n+k 1 (y))|| -A 0 uniformly on A x E + as n-k -A oo, lim^fc^oo h n , k = 
log g in and /i-almost everywhere. Moreover, by Lemma 3.6 we can apply Maker’s ergodic the¬ 

orem Lemma 3.7 Thus, by (3.6) 


lim ~^2 h n,k( F fc+1 (y))= / iogs(y)d£(y) 

n—>oo Tl f J — J — — 

= f log jnf (V(y))d$(y) = -H(V |£ ss ) = for /x-a.e y. 


k =1 


On the other hand 


lim — log n(Bi (F n (y))) = 0 for every y £ A x E + and 

n—>oc Tl — “ — 


1 


N 


lim - log Pi_, =y Pl log Pi = -h v for /2-a.e y G A x 

n —^oo 71 zJ z ' — 


k =1 


i=l 


which implies 


rlToo l l ° gfl { B lA i _ 1 ..-A i _Je s (F~n m (y)) = ~K + H(F?' |£ M ) 


(3.11) 


Applying Oseledec’s Theorem, we have 

1 


lim - log • • • Ai _ n ) = -Xu for z'-a.e i, 


n—¥ oo Tl 


which together with the equation (3.1 1[) implies (3.10). 


□ 


Let B a (x, i) denote the square on A x {i} with a side parallel to e ss (i) and length 2 r centered at 
(x, i) G A x S + . It is easy to see that there exists a constant c > 0 that for every (x, i) G A x E + , 


B c -i r (x) C B*(x, i) C B cr (x), 
where B r (x ) is the usual Euclidean ball on M 2 . 

Proposition 3.8. For p-a.e x G A 

i iminf log TB r (x)) > g(FHf) + K - H{FT S ir) 

r->0+ logr — 


(3.12) 


XI 


XI 


Proof. By (3.12), it is enough to show that 


. log/r(^(y)) H{F?*\£ M ) , K - H{F? a \? 8 ) . ^ 

hm ml---=— > -—-1- r - lor /i-a.e y. 


r— »0+ 


log r 


X 




V 

Ati 


(3.13) 


3.1 


the measure fly is exact dimensional and 


H(Fe aa \f aa ) 

For simplicity, let d s := v —-. By Proposition 

X^L 

by Egorov’s Theorem for every e > 0 there exists a set J\ C A x E + with fi{J \) > 1 — e such that 
there exists a M \ > 0 that for every m > M \ and y G J\ 


Vf(B£- m (y)) < e m ^ +£ \ 

By the definition of B a { y) it is easy to see that B a ( y) n £ ss (y) = B* s (y) and by the definition of 
conditional measures 

t£“(B'{y)) < for every y G T and (z) = (y). 


(3.14) 
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The combination of Lebesgue density Theorem and Egorov’s Theorem implies that there exists a set 
J 2 C J\ with /I(J 2 ) > 1 — 2e and M 2 > 0 such that for every m > M 2 and y G J 2 

/r(Ji n B s e _ m ( y)) > ^/i(S|_ m (y)). 


By (3.14), for every z 6 B t e _ m (y) such that there exists a z' G £, ss (z ) n JP_ m (y) n Ji 

juT(B-_ ra (y) n J\) < nr(B s 2e - m ( z') n Jr) < 

If f ss (z) n B s m {y) n Ji = 0 then the bound above is trivial. Hence, for every y G J 2 

v(B s e - m (y)) < 2 [ nf(B s e . m ( y) D Ji)d/i(z) < 2e m (-^+ £ ) / x( J B‘_ m (y)). 
J z*(y) 


□ 


Since e > 0 was arbitrary, inequality (3.13) follows by Proposition 3.3 
Proposition 3.9. For fi-a.e x G A 

v log//(H r (x)) ^ H{F£, ss \t ss ) , 
r ^o+ logr xff Xf 

Proof. For simplicity, let h s := F[(Ff i ss \f ss ) = d s x s ^- We remind the reader that fi = n x v. By 
applying Egorov’s Theorem for Proposition 3.1 and for the Shannon-McMillan-Breiman Theorem, 
we get that for every e > 0 there exists a set J\ with /2(Ji) > 1 — e and M\ > 0 such that for every 
y = i) ^ Ji and every m > M\ 


^f(H fe _ m(x ,_ 2E) (x) X {i}) > e —(x^-2e)( ds+£)) 

((' V Fk A (y)l — e _,n(hs_e) , 

( V ^ ) (y) C B e X E+, 

\ k=0 / 


/ m— 1 


M V FkV ) (X) ) — e~ m ( hv+e \ 


(3.15) 

(3.16) 

(3.17) 

(3.18) 


. fc =0 


where k = min^- dist(/)(A), /,(A)) > 0. Applying Lebesgue’s density Theorem and Egorov’s The¬ 
orem, there exists a set J 2 C J\ with fi{ J 2 ) > 1 — 2e and M 2 > M\ such that for every y = (x, i) G J 2 
and every m > M 2 

f (B K (t) X {i}') n Jl 


Jy {Bk -m( x «-2e)(x) X {i}) 
— 2 e 

AT” 


1 

> -. 
- 2 


(3.19) 


(- -> JV"* 

For every m > M 2 we can define a finite set |y. j such that for any z j 

( m— 1 \ /m— 1 \ 

V F fc J> (y.) n I \/ j (y.) = 0, 

fc=0 J \ k= 0 / 

and y. G Ji whenever JiH (\Z™Fq F k V^j (y.) / 0. For simplicity, we introduce the notation L m (y) := 

5 «„-m(xf,- 2 £ )(y) n Ji. By (|3.15D and (|3.19|), for any y G J 2 
2 e - - — 

fif (£™(y» > I/f’(B } ,-o4-«(y)) > 


(3.20) 
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Then by (3.16) 


( m— 1 


hf(L m (y))< My S V pkv (yi) nL ™(y) 


i-y.&Ji 


k k =0 
/ m— 1 


( m —1 


< 


I ( y, € ./! : L m (y) n ( \j F*V ] (y f ) / 0 )■ maxj if ( ( \/ F‘?> ) (y.) 


. k=0 


\ k=0 


< 


tt jy, € Ji : L m (y) n ^ V (y.) + 0 j e 


— m(h s —e ) 


Hence, 


yf (L m (y))e m( ^- £) < (t |y. € .7, : L m ( y) n ^\/ (y.) / 

On the other hand, if L m (y) 0 (V/^To 1 B k V^j (y,■) / 0 then by (3.17) 


(3.21) 


( V ^ J (y, : ) C H 2e _ m(x «_ 2£) (x) x E+. 
V k=0 ) 


Therefore, 

)) = 2e _m ^ x M _2e ) (—) * ^ + ) 

> y, e Jr : L m (y) n f V ) (y.) + 


( m— 1 


vfc = 0 


mm 

i:y.eJl 


? V ^ fc) 


v /c=0 


By (3.18) and (3.21), for any y G J 2 

li(B 2 e . m{xfi . 2 e) (x)) > yf (L m (y))e m ^- e ) e —(^+ E ). 


Using (3.20), for any y = (x, i) G J 2 


1 


y(R _ m(x& _ 2e) (x)) > e -m(xt-2e)(d s+£ ) e m(h s -s) e -m(K+e)_ 

ze ^ 2 


Hence, for any y G J 2 


\ogn(B mU s 2s) {x)) h u -h s 2 e 

lim sup--—- < d s + e H---— + e + 


m too -m{x% - 2e) 0 ' “ ' X s n ~ 2e X% ~ 2e 

Since e > 0 was arbitrary, the statement of the proposition follows. 


□ 


Proof of Theorem 2.1. Proposition 3.8 and Proposition |3.9| together imply that y is exact dimen¬ 
sional, moreover 

H(Ff ss \t ss ) h v -R[Ff ss \i ss ) 

dim# fJL = -—-1-;-. 


XI 


XI 


Simple algebraic manipulations show that 

H(F£ SS \£ SS ) h v - H(F£ SS \£ SS ) _ h 


+ 


= -^+ 1- 


X OO -yO V 

fL /Xfl /Xfl 

The proof can be finished by applying Proposition |3.3[ 


X s ,, \h„- H(F£ SS \£ SS ) 


XI 


XT 


□ 
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4. Applications 


4.1. Hueter-Lalley Theorem. This section is devoted to showing some applications of our main 


theorems. In the point of view of Theorem 2.8, to prove that the Hausdorff dimension of a self-affine 
measure is equal to its Lyapunov dimension, one has to study the dimension of u ss defined in (2.6). 
The measure v ss is basically a self-conformal measure associated to an IFS on the projective space. If 
the IFS on the projective space satisfies some separation condition then one may be able to calculate 
its dimension. Basically, Hueter and Lalley m used this phenomena to prove their theorem. Now 
we reprove their result. 

Theorem 4.1. Let A = {A\, A 2 , ■ ■., An} be a finite set of contracting, non-singular 2x2 matrices, 
and let 4? = {fi{x) = AjX + tj}^ =1 be an iterated function system on the plane with affine mappings. 
Let v be a left-shift invariant and ergodic Bernoulli-probability measure on X + , and p be the corres¬ 
ponding self-affine measure. Assume that 

(1) A satisfies dominated splitting, 

(2) A satisfies the backward non-overlapping condition, i.e. there exists a backward invariant 


multicone M such that A i (M°) C M° and A i (M°) n A ■ (M°) = 0 for every i j, 

(3) A satisfies the 1-bunched property, i.e. for every i = 1,..., N afiAi) 2 < a^A/), 

(4) <f> satisfies the strong separation condition. 

Then 

dim// // = diniLy 


hv - 
,P = — <1- 
X% 


The proof of the theorem uses the following lemma. 

Lemma 4.2. Let A = {Ai, A 2 ,..., An} be a finite set of contracting, non-singular 2x2 matrices 
and let v be a left-shift invariant and ergodic Bernoulli-probability measure on £ + . Assume that 

(1) A satisfies dominated splitting, 

(2) A satisfies the backward non-overlapping condition. 

: E + 1 —^ P 1 be the projection defined in Lemma 


Let e. 


2.6 


dim// v ss = dim// u o e ss = 


Then 
h u 


XT 


XT 


where x s u s and x s u are Lyapunov exponents defined in Lemma 2.f 


Proof. The projective space P 1 is equivalent to the upper half unit sphere in 
iterated function system on P 1 by A in the natural way, i.e. 


We define an 


AT 1 9 


Ai : 9 E P 1 1 —>• sgn((A- uB) —j—, 

where sgn((A“ 1 0)2) denotes the signum of the second coordinate of the vector A~ l 9. By [5 , Lemma 3.2], 
the IFS A = |Ai,..., A/v j is uniformly contracting on M, where M is the backward invariant mul¬ 
ticone with non-overlapping condition. Hence, the measure v ss is the invariant measure associated 
to the IFS A, and 

lncr R_f f)Y\ 

-a.e 9, 


J. ,. log v ss (B r (9)) 

dim// v ss = hrn --- for n ss - 

r— > 0 + log r 


where B r {9 ) denotes the ball with radius r centered at 9 according to the spherical distance. Since 
A satisfies the backward non-overlapping condition 

~ AM)) 


dim// v ss = lim 

n—>• 00 


log VssjAi! o ■■■Aj n 
log diam(A il o ■ ■ ■ A ir 


(M)) 


for v- a.e i, 
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where diam(.) denotes the diameter of a set according to the spherical distance. It is easy to see that 
for any 9\ , 9 2 E P 1 , and any 0 ^ v € 9i, 0 ^ w € 62 

lln x wll „ . 2 \\v x w;|| 

<d (6 h 9 2 )< 


ImlllllUll ||w||||m| 

where vxw denotes the standard vector product. Thus, 

det(A rl ) d(9 1 ,9 2 ) 


< d{A i _{9 1 ),A i {9 2 )) < 


2det(A i x ) 


for any iES* 


Wa^mwa^m 2 - ~ wa^mwa^w 

Since every 9 E M is uniformly separated away from the stable directions, we get 

1 


lim — log diam( Ai 1 o 

n—>• 00 Ti 


A i n ( M )) = X s u - Xn for u-a.e i. 


On the other hand 


lim - log u ss (A h o ■■■ A in (M)) = lim - log v([h, = -h v for u-a.e i. 

n —»oo n n—kx> n 

The statement follows by taking the ratio of the previous two limits. □ 

Now, we show a modification of Marstrand’s projection theorem [23] . Kaufman [19 ] showed an 
upper bound on the exceptional set of directions, where the dimension drops. We use in the next 
lemma the method of Kaufman ns], however, for later usage we need a better lower bound on the 
dimension of projected measure, therefore for the comfort ability of the reader, we prove it here. 

Lemma 4.3. Let m be a probability measure on M 2 and let X be a measure on [0, 7 r). For a 6 E [0,7r) 
denote by projg the orthogonal projection onto the line perpendicular to the vector (sin 9, cos 9). Then 
for every e > 0 there exists a set A s C [0, 7 r) such that X(A e ) > 0 and 

dim//(proj 6) )*m > min {1, dim// m, dim// A} — e for every 9 E A e . (4.1) 


Proof. Let us denote min {1, dim// m, dim// A} by s. Since dim// A > s then using (1.3) and Egorov’s 
Theorem for every e > 0 there exists a set A e and C > 0 such that A(j 4 £ ) > 0 and for every 9 E A e 
and r > 0 

X((9-r,9 + r)) < Cr s ~ e/2 . 

Moreover, without loss of generality we may assume that A e is bounded away from 0 and 7 r, i.e. 
there exists a constant c > 0 s.t. dist(0, {0,7r}) > c for every 9 E A e . Let X! := A|^ /A (A e ) be the 
restricted and normalized measure. It is easy to see that there exists a constant c' > 0 such that for 
any interval / C [0,7r) 

A'(I) < c'\I\ s ~ £ / 2 . 

We prove that for almost every point w.r.t X' (4.1) holds. 

On the other hand, by (1.3) for every e > 0 the exists a set Ll such that m(Q) > 0 and d m (x) > 
dim// m — e/4. By Egorov’s Theorem, there exists a set IT C 12 and R > 0 such that m(Ll') > 0 and 
m{B r {x )) < r dim H m-e/2 f or ever y and r < R. Let rh = m\ n ,. Thus, simple calculations show 

that 

OO 


1 


2^ dimg m ~ £ )( n + 1 ) m(B 2 -n ( y))dm(y) < 00 . (4.2) 

71 = 0 


||/£ _^||dim^ m 

For simplicity we denote (proj 0 )*m by mg and (proj 0 )*m by fhg. Now we show that 

1 


1 : = 


I® - y | 


—dmg(x)dmg(y)dX'(9) < + 00 . 
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Applying Fubini’s Theorem we have 
1 


1 = 


, . —-n- dX' (9)dm(x)dm(y) = 

|proj e (s)-pr 0 j fl (y)|*- e 


1 


\x — ■ 


/ I P ro j 6(®)—projg(2/)| 




— dX! ( 6) dm (x) dm ( y). 


Applying some algebraic manipulation we have for every i / t/ £ K 2 
1 -— eJA'(0) < 2" _c 

■oiMthl \ s ~ £ V 2 

n =0 


( IP r °i e (*) — P ro i e {.y) I 


Since the set 
get 


dm < r- £ 2"<«>A' ( i 0 : - P r °j 9 fa)l < 1 


\\x~y || 




I pro j e (^.)—proje(j/)l ^ 1 




— 2 n 


| is contained in at most two intervals with length c!'/2 n we 


1 


/|proj e (s)-proj e (y)|\ 


— dx f (9)<r-^ 2 


°° / r"\ s ~ e / 2 

n(s—e) I C 






n =0 


< Too 


Hence, by (4.2) 


1<C 


: dm(x)dm(y) < oo. 


| y||diniffro—e 

Therefore, JJ dfrig (xfdfrig(y) < oo for A'-a.e. 6. By Frostman’s Lemma, dim// fhg > s — e for 

A'-a.e. 9. But fhg <C mg, thus 

dim// mg = inf {dim// A : mg(A c ) = 0} > inf {dim// A : fhg(A c ) = 0} = dim// fhg > s — e 
for A 7 -a.e. 9, which had to be proven. □ 


Proof of Theorem f. 1 By 1-bunched property, xff — 2yf,. Hence, by using Lemma 4.2 


1 > dim// v ss = 


hu 


h 


„ > — = dim Lyap y > dim// y. 

yp* — y/o y/o J c 

Au Au At 


Vfl /Vfi A./J, 

Thus, applying Theorem 2.8 we have that dimLyap y = dim// y 


□ 


Corollary 4.4 (Hueter-Lalley,pTTj). Let A = {A\, A 2 ,..., An} be a finite set of contracting, non¬ 
singular 2x2 matrices, and let 4> = {fi(x) = A{X T tj}iLx be an iterated function system on the plane 
with affine mappings and denote by A the attractor of the IFS <F. With the assumptions 0-0 °f 
Theorem \f.l\ 

dim// A = dim# A = s < 1, 


where s is the unique root of the pressure function P(s), defined in (1.1). 

Proof. It is easy to see that the assumptions 0-0 of Theorem |4.1| are inherited by the higher 
iterations, i.e. for any n > 1 the IFS 4> n = and the set of matrices A n = { satisfy 

the assumptions 0-0- 

Let us define a monotone decreasing sequence {snj^Li suc h that s n are the unique solution of the 
equations 

ai(Ai) s " = 1. 

I i\=n 
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We define the left-shift invariant Bernoulli measure v n with probability vector (ai(A) Sn ) ^_ n and 


let n n be the associated self-affine measure. Then by Theorem 4.1 and (2.2), for every n > 1 

1 ^ j- - s r , 

1 > dim H p n = —— > -— 

Xfi„ 1 + 


C 


where a max = maxj cm (A)- Hence lim n _>. s r 


n log Umax 

= s < 1. Moreover, by [8j Proposition 5.1] 


s > dim^A > dim// A > lim dim// p n = s. 

n—> oo 


□ 


4.2. Triangular matrices. The other way to study the dimension of v ss is to handle the overlaps 
of the associated IFS on the projective space. Since this IFS is very difficult to handle in general, we 
focus on a special family of self-affine sets. Let us assume that the matrices in A are lower triangular, 

i.e. 

ai 0 


A = 


(4.3) 


where 0 < |aj|,|cj| < 1 for every i = Using m Theorem 2.5], the subadditive pressure 


function P(s) defined in (1.1) can be written in a simpler form, i.e 

log max |Em=i l a *| S ) E-ill N S } 


P(s) = 


if 0 < s < 1 


(4.4) 


logmax|j]^ 1 |aj||cj| s \Emm Ml a i| s if 1 < s < 2 
logE*=i(MM) s/2 if s > 2. 

In the case of triangular matrices, the calculation of Lyapunov exponents of a self-affine measure 
H ; with probability vector (pi,... ,pn) is much simpler. That is, 


N 


N 


X» = max l-^Pi log kl, - ^Pi log |c*| 


and xli = mm \ ~ 


N N ^ 

^Pilog|aj|,-^pilog|ci| > . 
i =1 i=1 ) 


,Atv} of contracting, non-singular 2x2 lower-triangular 


\ i= 1 i —1 

Lemma 4.5. The set A = {A, A, 
matrices in the form (4.3), satisfies the dominated splitting condition if 

either \af\ > |cj| for every i = 1,..., N or |a/1 < |cj| for every i = 1,..., N. 


The proof of the lemma is straightforward by Lemma 2.3 


In the case of triangular matrices the study of the dimension of self-affine set can be tracked back 
to study the dimension of some self-similar measure. In the first case of Lemma 4.5 the projected 
measure in Theorem 2.7 is a self-similar measure. In the second case, the measure v ss is a self-similar 
measure. We introduce here a condition, which guarantees according to the recent result of Hochman 
m Theorem 1.1] that the dimension of a self-similar measure is the quotient of the entropy and 
Lyapunov exponent. 

Definition 4.6. For a self-similar IFS f> = {gfix) = fiiX + 7i}^i on the real line let 

oo i/ft/ /% 

|Si(0) -5/(0)| if Pi = fij ■ 


d(gi,gj) ■= 


and 


A„ := min 


[d{9i: 9i) : i e {1, • • •, A r } n } • 


We say that the IFS 4> satisfies the Hochman-condition if 

1 


lim-log A n < Too. 

n—>• oo Ti 
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Hochman showed that the exceptional set of parameters, where the condition does not hold is 
small in sense of dimension, see [16 1 Theorem 1.7, Theorem 1.8]. 

Theorem 4.7. Let A = {Ai)h =1 be a finite set of triangular matrices of type 
= {fi(x) = AiX + (ti,qi)}N =1 be an IFS on the plane. Suppose that 

(1) |a*| > |cj| for every i = 1,..., N, 

(2) <f> satisfies the strong separation condition, 

(3) the self-similar IFS f = { gi(x ) = a*x + tj}) =1 satisfies the Hochman-condition 
then for every self-affine measure p 

dim// p. = dim L yap pi- (4.5) 

Moreover, 

dim// A = dims A = min{si, S 2 } , (4-6) 

where A is the attractor of <i> and si and S 2 are the unique solutions of the equations 

N N 

^|aj| Sl = 1 and ^ |a;| |cj| S2_1 = 1. (4.7) 

2=1 2=1 


(4.3) and let 


Proof. Let v = {p\ ,... ,pat} N be an arbitrary Bernoulli-measure on £ + and p be the corresponding 
self-affine measure. 

Condition |l]) implies by Lemma 4.5 that the set A of matrices satisfies dominated splitting and 
e ss (i), defined in Lemma 2.3, is equal to the subspace parallel to the y-axis for every i 6 X + . 
Hence, the transversal measure pj = p T , defined in (2.3), is a self-similar measure with the IFS 
4 > = {gi(x) = aix + U}^L V namely 

N 

T \ " 

h =2_Vih 
2=1 

By condition ([ 3 ]) and [161 Theorem 1.1], 

dim// p 1 = min 


T -1 
°9i ■ 


hi 

xIl 


— A 



bound by j8j Proposition 5.1]. The lower bound follows by choosing the measure v according to 
the probability vector {|ai| Sl ,..., | a/v | Sl } or {|ai||ci| S2_1 ,..., | a at 11 c/v | S2 1 } - D 

Now we turn to the second case of Lemma 14.51 


Theorem 4.8. Let A = {Aj}^ =1 be a finite set of triangular matrices of type (4.3) and let 

= {fi(x) = AiX + (ti,qi)}hi be the IFS on the plane. Moreover, let u be a left-shift invariant and 
ergodic Bernoulli-probability measure on H + , and p be the corresponding self-affine measure. Suppose 
that 


(1) \ai\ < \ci\ for every i = 1,... ,N, 

(2) satisfies the strong separation condition, 

(3) the self-similar IFS f = j gi(x) = —x - - 


(4) 


XI 


XI 


■ 1 1 

> mm < 1, — 

1 "yS 

A.LL 


N 

satisfies the Hochman-condition, 

2=1 
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then 

dim# p = dim Lyap p. 

Moreover, if condition @ is replaced by the 1-bunched property, i.e. | a* | > |cj| 2 then 

dim# A = dim# A = min {si, S 2 } , 

where A is the attractor of and si and s 2 are the unique solutions of the equations 


N 


N 


E i«r = 


1 and ^2 |cj||aj| S2 1 = 1. 


(4.8) 

(4.9) 

(4.10) 


2=1 


2=1 


orem 


We note if diniLyap P < 1 then condition Q is basically the 1-bunched property, defined in The 
4.1 However, if diniLyapP > 1 then condition Q is much relaxed and holds if dim [ jyap p i: 


sufficiently large, for example if h u /x1f > 1. 


Lemma 4.9. Let A = {Aj}^ =1 be a finite set of matrices of type (4.3) and let us suppose that \ai\ < |cj| 
for every i = 1,..., N. Then the slopes of strong stable directions, defined in Lemma pT3] form a 


f a bA N 

self-similar set of IFS = { gi(x ) = — x -- > .In particular, for every i = (xq, i\,.. ■) £ E + the 

l <H CiJ i=1 

subspace e ss (i) is parallel to the vector v( i) = (l,t?(i)) T ; where 


0 (i) = - 

n=( 

Proof. By simple algebraic calculations we have 


61 Obi -1 

b n. b n.— I 


Hq 


- Ci Ci 
n =0 ln n ~ 1 


A io v( i) = a io v(a i). 


The statement follows by Lemma 2.4 and Lemma 12.6 


□ 


An immediate consequence of Lemma 4.9 that for any Bernoulli measure on E + 


dim# v ss = dim# u o d 1 , 


(4.11) 


where u ss is defined in (2.6). 


Proof of Theorem 4-8 First, let us observe that condition ([ 3 ]) with (4.11) and na Theorem 1.1] 
imply that 

dim# v ss = min < 1 


XI 


XI 


By Lemma 4.5, condition ([Tj) implies that the IFS T satisfies dominated splitting, and together with 
conditions (2) and Q by using Theorem 2.8 (4.8) follows. 

To prove (4.9[), first let us observe that condition (jTj) implies that the root of the subadditive 
pressure (4.4) is the minimum of the solutions of the equations (4.10). One can check that the 
1-bunched property implies that condition Q holds for any self-similar measure. Hence, the lower 
bound follows by choosing the measure v according to the probability vector {|ci| Sl ,..., |c#| Sl } or 
{|ci||ai| S2_1 ,..., |c tv 11o a?"| S2 1 }• The upper bound follows by [8] Proposition 5.1]. □ 
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4.3. An example. Finally, we consider a concrete family of self-affine sets inspired by the example 
of Falconer and Miao, [T2j, Figure 1]. Let 4> c = {/i,..., /g} be a parameterized family of IFSs on the 
plane given by the functions 


h(x) = 
h{x) = 
h(x) = 


- 1 

3 

0 ' 

x + 

■ i ' 

3 

0 

c 


0 


h(x) = 


l 0 


x + 


l 

3 

1 — C 


r i o 1 


0 


r 4 o 1 


■ 2 ■ 

i 3 

[ 5 - C C J 

X + 

1 

. 2 . 

, U(x) = 

i 3 

L 2 - C c J 

X + 

3 

0 


4 0 


0 

3 1 

X + 

1 

c- 2 C 


L 2 “ C J 


fe(x) = 


i 

3 

C — 


0 

c 


x + 


2 

3 

1 — C 


where 0 < c < 1/2. Let A c denote the attractor of <3? c , see Figure [2] 



Figure 2. The attractors A c of IFSs <3? c with parameters c = 0.25 and c = 0.4. The 
affine maps are those that map the unit square to the parallelograms shown. 

Theorem 4.10. For every 0 < c < | 

dim 77 A c = dim B A c = 1 - j°^, (4.12) 

iogc 

and there exists a set C C (4, 1) such that dimpC = 0 and 

dim# A c = dim# A c = 2 + for every cG Q, 0 \C. (4.13) 

The box dimension of A c is already known for every cG (0, ^) by [9J Corollary 5]. 

Proof. Let S = {1,..., 6} denote the set of symbols and let S n := S n \ {4, 6} n . 

Observe that the IFS <I> C satisfies the open set condition but not the strong separation condition. 
However, the IFS <3?/ given by 4>/ = {fi} ie g n satisfies SSC for every n > 1 and 0 < c < Denote 

the attractor of <1?™ by A n c . For every n > 1 let S n = be the symbolic space and let be 

the uniform Bernoulli measure on T, n and Jl n)C the corresponding self-affine measure supported on 

A n,c■ 
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First, let us consider the case 0 < c < A. Then by Lemma 


4.5 


the IFS satisfies dominated 


splitting and by Lemma 2.3 and Lemma 2.4 the strong stable directions are parallel to the y- 
axis. Hence, the transversal measure Pn C , defined in (2.3), is a self-similar measure with uniform 
probabilities, satisfying SSC. Thus, 


dim# /il c = 


lo g(3 n - 1) 
log 3^ 


Applying Theorem 2.7, we get 
dim# A > lim dim# A n c > 

n—>• oo 


lim dim# p nfi = lim 


log(6 n - 2 n ) 
— log c n 


+ 1 - 


log3 n \ log(3 n — 1) 


— log C r ' 


log 3" 


= 1 - 


log 2 

log c ’ 


which proves (4.12). 

Now we turn to the case | < c < \. Lemma 
dominated splitting condition, moreover, by Lemma 
can be given by the IFS (j) c of similarities 


4.5 


2.3 


implies that the IFS <f> satisfies again the 
and Lemma 4.9, the strong stable directions 


9 i 0) = 92 (x ) = t^x, g 3 {x ) = g 4 {x) = ^x + ^ 1 , and g 5 (x) = g 6 (x) = ^x + 1 2 ° ■ 


Thus by (4.11), the distribution of strong stable directions of the IFS are given by the IFS 
= {fi'ijjggn with the uniform Bernoulli measure on Y, n . Applying m Theorem 1.8] we get that 
for every n > 1 there exists a set C n with dim#C n = 0 such that 

f 2 n 2 "~ 1 log 2 ’ 1 ~ 1 I3 n 2 n ) 1 loc 1 1 

^ g«_2™ gn_2" ^ J 3 n — 1 3 n —1 I r 

1.-—— — - - > for every c £ 


dim# = min 


log(3c) n 

For sufficiently large n, we apply Theorem |2.8[ and therefore 


^)\C„ 


dim# A > lim dim# A n>c > 

n—>oo 

lim dim# p n}C = lim 1 + 


log(6 n — 2 n ) — (—logc n ) 
log 3 n 


= 2 + 


lo g 2c , c A 1\ \# 

^ for every c€^-,-j\C, 


□ 


where C = (J^Li Cn, which proves (4.13). 

4.4. An applications for Theorem 2.9| . Finally, we show an application for Theorem 2.9 It is 

3) holds. We replace it with a condition that 


non-trivial to check whether condition Theorem 2.9 


can be checked much easier similarly to Theorem 4.1 

Theorem 4.11. Let A = {A\, A 2 , ■ ■ ., A#} be a finite set of contracting, non-singular 2x2 matrices, 
and let 4? = {/*(x) = A*x + be an iterated function system on the plane with affine mappings. 

Let v be a left-shift invariant and ergodic Bernoulli-probability measure on £ + , and p be the corres¬ 
ponding self-affine measure. Assume that 

(1) A satisfies the dominated splitting condition, 

(2) A satisfies the backward non-overlapping condition, i.e. there exists a backward invariant 
multicone M such that Af 1 (M°) C M° and Ag 1 (M°) n Aj 1 (M°) = 0 for every i A A 

(3) 4> satisfies the strong separation condition, 


(4) 

Then 


K 


xl 


XI 


hu 

+ 2 — > 2 . 
A LL 


dim# p = dim L yap p ■ 
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By Theorem 


2.7 


we get the trivial lower bound dim# p > 33 . Unfortunately, if the backward 

X/j, 


non-overlapping condition holds then . < 2 . < 2. Therefore, we need to improve 

X/j, X/j, Xfx X/i X[x 

the lower bound of dim# p. 

Lemma 4.12. Let us assume that conditions 0-0 of Theorem \4-ll ] hold. Then 

dim# p > min / 2 ^ 

v** V* 
k An Au 


h v 

Proof. Let us define a sequence {s m }“ =0 as follows, let xq = —- and x n = /(x n _i) for n > 1, where 




X 


/(*) = UU + ( 1 - ) min 


X 


x^ 

hr/ 


A. 'SS — •v/S 

A u An 


It is easy to see that the sequence {x n }^L 0 converges to min j 2 ——, — 1, which is the fixed point of 

l X^ X/j J 

x i—>• /(x). By applying Theorem 2.7 and Lemma 4.3 one can show by induction that dim# p > x n 
for every n > 0 , as required. □ 


and the statement holds. 


Proof of Theorem\4-ll\ If ——-- > — then we may apply Theorem 4.1 

V SS — v® v S 

/ i A.fi A.fi 

Thus, without loss of generality we may assume that --- < —, or equivalently 2yf < y 

■ySS A/S A/S u 6 I 

A /x A/x A/x 

h 


Then by Lemma 


4.12 


we get that dim# p > 2— 7 . Therefore, 


XI 


dim# v ss + dim# p > 


hi. 


v ss — V s 
A/x A 


+ 2 — > 2 . 
v ss 
fj, A/X 


The statement follows by Theorem 2.9 


□ 




Figure 3 . The images of parallelogram O by the affine maps fi, f 2 , fz and the region 
of probability vectors (pi,P 2 , 1 — Pi — P 2 ), where Theorem 4.11 4) holds. 






















26 


ON THE LEDRAPPIER-YOUNG FORMULA FOR SELF-AFFINE MEASURES 


Let $ = {/i, / 2 , 73 } be an IFSs on the plane given by the functions 

__ and = 

u 3 J L 10 

and let us denote the attractor of <h by A. 

By Lemma 4.5, it satisfies the dominated splitting condition, moreover, it satisfies the strong separ¬ 



16 

0 ' 

2 


19 


16 

0 ’ 

2 


1235 

fi(x) = 

81 

2 

X+ 

54 

47 

II 

Til 

81 

0 

X+ 

2187 

3 


3 

3 


100 


3 


10 


16 

0 ' 

2 


1721 

81 

2 

X+ 

2187 

38 

3 

3 


81 


ation condition with the parallelogram O formed by vertices (0,0), I —, 1 , I —, 0 , —, — 1 


19 


27’ 


38 


27’ 


19 


27’ 


see 


Figure [3| By Lemma |4.9j the strong stable directions are formed by the self-similar IFS 

" g 8 8 1 

x i-A —x + I,i4 ; —x, x i-a —x — 1 >, which satisfies the strong separation condition. 


27 


27 


27 


Let us consider, the uniformly distributed Bernoulli measure on {1, 2,3} 1 , and the corresponding 
Bernoulli measure p = |(/i)*/i + \{f 2 )*P + Then 


K 


h,. 

+ 2 -^- = 


log 3 


+ 


2 log 3 


Xn-Xt Xu log 27/8 log 81/16 


> 2. 


So we may apply Theorem 4.11 and we get 

dim// p = dim// A = dim# A = 1 + 


log 3 — log 3/2 


1.4273. 


log 81/16 

For the complete region of probability vectors, where condition Theorem 4.11 4) holds, see Figure [3j 
For other examples, see Falconer and Kempton [113- 

Acknowledgement. The author is extremely grateful to the anonymous referee for the useful com¬ 


ments and suggestions. Especially, to point out Theorem 2.9 
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